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a b s t r a c t
In this work, we study the roughness measure of fuzzy sets. New properties and roughness
bounds for fuzzy set operations are established. Knowing these bounds of the operations
results helps one to avoid unnecessary space in computation.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction
Rough set theory was invented by Pawlak [1] and fuzzy set theory by Zadeh [2]. The given set, which is the target of
the study, typically contains vagueness and data uncertainty that all require adjustments. In order to accommodate such
difficulties, approximation is required and thus rough sets and fuzzy sets are expedient. Rough sets approximation is carried
out in terms of two sets: the lower and upper approximations [1]. Alternatively, fuzzy sets approximation is carried out using
a membership function [2,3]. According to Pawlak [1], ‘‘A rough set represents a new mathematical approach to vagueness and
uncertainty, the emphasis being on the discovery of patterns in data’’. The rough sets approach is viewed as a soft, rather
than hard, computing technique. Thus, rough sets approaches are effective in the fields of data analysis, machine learning,
information retrieval, survival analysis [4–8]. Fuzzy set theory has attracted researchers and played an important role in
natural language, image processing, robotics, etc. [3]. Dubois et al. proposed rough fuzzy sets and fuzzy rough sets, and then
established theoretical rough sets and fuzzy sets integrations [9]. The study by Banerjee et al. strengthens the connections
between rough sets and fuzzy sets with the roughness measure of fuzzy sets [10]. Huynh et al. introduced a new roughness
measure of fuzzy sets based on mass assignment [11]. The roughness of a fuzzy set was then interpreted as the weighted
sum of the roughness measures of nested focal subsets. Yang et al. have investigated roughness bounds under different set
operations for rough sets [12].
Not only has the theoretical development expanded, but practical applications were studied as well. Banerjee et al.
and Zhang et al. found measures of the roughness of fuzzy sets useful for applications in pattern recognition [10,13]. The
authors proposed using rough fuzzy sets as the model for images [14]. The results show that objects are extracted with
higher accuracy using their approach, compared to Shannon’s probabilistic entropy. In the work of Huynh et al. [11], a new
roughness measure was used to analyze relational databases. Yang et al. reported that roughness measures are important
indicators for decisionmaking applications [12]. Whenwe focus on data mining, machine learning, bioinformatics, network
security, natural language processing, etc., data sets are usually huge. Thus, we investigate bounds on roughness measures
for the fuzzy set operations. This work is organized as follows. Sections 2 and 3 contain requisite notions of rough sets,
fuzzy sets and roughness measures. The theoretical background for important operators and new bounds on the roughness
measure for fuzzy set operations are provided in Sections 4 and 5.
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2. Rough sets and fuzzy sets
Definition 1 ([1]). Let U be a non-empty finite set called the universe and R be an equivalence relation on U . We call 〈U, R〉
an approximation space.
Definition 2 ([1]). Let 〈U, R〉 be an approximation space, A ⊆ U and X1, X2, . . . , Xn denote the equivalence classes in U with
respect to R. The lower approximation A, upper approximation A and boundary region BNR are defined as A = ⋃{Xi : Xi ⊆
A}, A =⋃{Xi : Xi ∩ A 6= ∅}, and BNR = A− Awhere i ∈ {1, 2, . . . , n}, respectively.
Definition 3 ([1]). Let 〈U, R〉 be an approximation space and A ⊆ U . A measure of roughness of A in 〈U, R〉 is defined as
ρA = 1− |A||A| ,where |X | denotes the cardinality of the set X .
Yao [7] stated that the roughness measure can be understood as the distance between the lower and upper
approximations. Next, let A : U → [0, 1] be a fuzzy set in U , A(x), x ∈ U , giving the degree of membership of x in A [10].
Definition 4 ([10]). The lower and upper approximations of fuzzy set A in U , A and A, are defined as fuzzy sets in U/R →
[0, 1] and A(Xi) = infx∈Xi A(x), A(Xi) = supx∈Xi A(x), i = 1, . . . , n, where inf (sup) denotes infimum (supremum).
Definition 5 ([10]). Fuzzy sets A ,A : U → [0, 1] are defined as follows: A (x) = A(Xi) and A (x) = A(Xi), if
x ∈ Xi, i ∈ {1, . . . , n}.
3. Roughness measure of fuzzy sets
Definition 6 ([10]). Suppose α, β are two given parameters, where 0 < β ≤ α ≤ 1. The α-cut set and the β-cut set of fuzzy
sets A , A are defined as A α = {x : A (x) ≥ α} and A β = {x : A (x) ≥ β}, respectively.
A α and A β can be considered as the collection of objects with α as the minimum degree of definite membership, and
β as the minimum degree of possible membership in the fuzzy set A [10].
Definition 7 ([10]). A roughness measure ρα,βA of fuzzy set A in U with respect to parameters α, β , where 0 < β ≤ α ≤ 1,
and the approximation space 〈U, R〉, is defined as ρα,βA = 1− |A α ||A β | .
This roughnessmeasure depends strongly on parameters α and β . There are several crucial properties of ρα,βA introduced
in [10] as follows.
Proposition 1 ([10]). Let α, β be two given parameters, where 0 < β ≤ α ≤ 1 and let A α and A β be the α-cut set and β-cut
set of fuzzy sets A , A ; we have
(a) A ∪Bβ = A β ∪Bβ , (b) A ∩B α = A α ∩B α,
(c) A α ∪B α ⊆ A ∪B α, (d) A ∩Bβ ⊆ A β ∩Bβ .
Property 1 ([10]). For fuzzy sets A and B, it holds that
(a) ρα,βA∪B = 1−
|A ∪B α|
|A ∪Bβ | = 1−
|A ∪B α|
|A β ∪Bβ | ≤ 1−
|A α ∪B α|
|A β ∪Bβ | ,
(b) ρα,βA∩B = 1−
|A ∩B α|
|A ∩Bβ | = 1−
|A α ∩B α|
|A ∩B β | ≤ 1−
|A α ∩B α|
|A β ∩Bβ | .
4. Certain increment and uncertain decrement operators
The pioneering studies of fuzzy rough sets [1,10] derived Proposition 1(c) and (d). They perform subset instead of set equal.
This cannot be analyzed quantitatively. Successive roughness measures also depend on the parameters α, β , and these two
difficulties restrict some computations [13]. Thus, two new parameter-free operators of fuzzy sets were devised [13].
Definition 8 ([13]). Let U be the universe and let R be an equivalence relation on U . Let X, Y ⊆ U . When X is extended by
Y (i.e., X ∪ Y ), Z (·)(·) : U × U → U , defined by Z (X)(Y ) =
⋃{[x]R | x ∈ L(X), lX (x) 6⊆ Yand hX (x) ⊆ Y }, is called the certain
increment operator of X , where L(X) =⋃{lX (x)|x ∈ BNR(X) ∩ X}, hX (x) = [x]R − X , and lX (x) = [x]R − hX (x).
Definition 9 ([13]). Let U be the universe and let R be an equivalence relation on U . Let X, Y ⊆ U . When X is cut by Y
(i.e., X ∩ Y ), Z (·)(·) : U × U → U , defined by Z (X)(Y ) = ⋃{[x]R | x ∈ L(X), lX (x) ∩ Y = ∅ and hX (x) ∩ Y 6= ∅}, is called the
uncertain decrement operator of X , where L(X) =⋃{lX (x)|x ∈ BNR(X) ∩ X}, hX (x) = [x]R − X , and lX (x) = [x]R − hX (x).
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Property 2 ([13]). For crisp sets X, Y ⊆ U, it holds that
(a) Z (X)(Y ) = Z (Y )(X), (b) Z (X)(Y ) = Z (Y )(X).
Theorem 1 ([13]). Let α, β : U → [0, 1] be two fuzzy sets in universe U and 0 < β ≤ α ≤ 1, where Z Aα (Bα),
Z Bα (Aα), Z Aβ (Bβ) and Z Bβ (Aβ) are certain increment operators of Aα , B α and the uncertain decrement operators of Aβ ,
Bβ , respectively. We have
(a) A ∪B α = A α ∪B α ∪ Z Aα (Bα) = A α ∪B α ∪ Z Bα (Aα),
(b) A ∩B β = A β ∩B β − Z Aβ (Bβ) = A β ∩B β − Z Bβ (Aβ).
Property 3 ([13]). For fuzzy sets A and B, it holds that
(a) ρα,βA∪B = 1−
|A α ∪B α ∪ Z Aα (Bα)|
|A β ∪Bβ | = 1−
|A α ∪B α ∪ Z Bα (Aα)|
|A β ∪Bβ | ,
(b) ρα,βA∩B = 1−
|A α ∩B α|
|A β ∩Bβ − Z Aβ (Bβ)|
= 1− |A α ∩B α||A β ∩Bβ − Z Bβ (Aβ)|
.
5. Some new bounds of roughness measures of fuzzy sets
The roughness measure is an important indicator of the uncertainty and accuracy associated with a given set [12]. Since
data sets in most applications are usually huge, operations on these data sets are time- and space-consuming. Thus, before
completing large volume operations involving two fuzzy sets, we must know the bounds of such results.
Theorem 2. An upper bound of the roughness measure ρα,βA∪B of fuzzy sets A, B in U with respect to α, β is given by ρ
α,β
A∪B ≤
1−ρα,βA ρ
α,β
B
2−(ρα,βA +ρ
α,β
B )
, where 0 < β ≤ α ≤ 1.
Proof. From Property 1(a) and a basic set property, we have ρα,βA∪B ≤ 1− max{|A α |,|B α |}|A β |+|Bβ | . If |A α| ≥ |B α| (or vice versa), then
we obtain ρα,βA∪B ≤ 1− 1(|A β |/|A α |)+(|Bβ |/|A α |) . Thus, ρ
α,β
A∪B ≤ 1−ρ
α,β
A ρ
α,β
B
2−(ρα,βA +ρ
α,β
B )
by Definition 7. 
Theorem 3. An upper bound of the roughness measure ρα,βA∩B of fuzzy sets A, B in U with respect to α, β is given by ρ
α,β
A∩B ≤
ρ
α,β
A + ρα,βB − 1+ U∗, where 0 < β ≤ α ≤ 1 and U∗ = |A∪B α ||A∩Bβ | .
Proof. From Property 1(b) and a basic set property, ρα,βA∩B = 1 − |A α ||A∩B β | −
|B α |
|A∩B β | +
|A α∪B α |
|A∩B β | . With respect to
Proposition 1(d), A ∩Bβ ⊆ A β (and ⊆ Bβ ) implies |A ∩Bβ | ≤ |A β | (and ≤ |Bβ |); we therefore have |A α ||A β | ≤
|A α |
|A∩B β |
and |B α ||B β | ≤
|B α |
|A∩B β | . Then ρ
α,β
A∩B ≤ 1 − |A α ||A β | −
|B α |
|B β | +
|A∪B α |
|A∩B β | by Proposition 1(c). According to Definition 7, ρ
α,β
A∩B ≤
ρ
α,β
A + ρα,βB − 1+ |A∪B α ||A∩Bβ | .We finally have ρ
α,β
A∩B ≤ ρα,βA + ρα,βB − 1+ U∗,where U∗ = |A∪B α ||A∩Bβ | . 
The bound in Theorem2depends on the roughnessmeasures of fuzzy setsA andBwhile the bound in Theorem3depends
on the roughness measures of fuzzy sets A and B in addition to |A ∪B α| and |A ∩Bβ |.
Theorem 4. A lower bound on the roughness measure ρα,βA∪B of fuzzy sets A, B in U with respect to α, β is given by ρ
α,β
A∪B ≥
ρ
α,β
A + ρα,βB − 1− L∗, where 0 < β ≤ α ≤ 1 and U∗ = |Z Aα (Bα)|max{|A β |,|B β |} .
Proof. From Property 3(a) and a basic set property, we have that ρα,βA∪B ≥ 1 − |A α |+|B α |+|Z Aα (Bα)|max{|A β |, |Bβ |} . For |A β | ≥ |B β |,
ρ
α,β
A∪B ≥ 1− |A α |+|B α |+|Z Aα (Bα)||A β | = 1−
|A α |
|A β |−
|B α |
|A β |−
|Z Aα (Bα)|
|A β | . In accordancewithDefinition 7 and
|B α |
|A β | ≤
|B α |
|B β | , we have
ρ
α,β
A∪B ≥ 1− |A α ||A β |−
|B α |
|Bβ |−
|Z Aα (Bα)|
|A β | = 1−(1−ρ
α,β
A )−(1−ρα,βB )− |Z Aα (Bα)||A β | . Therefore,ρ
α,β
A∪B ≥ ρα,βA +ρα,βB −1− |Z Aα (Bα)||A β | .
Similarly, for |A β | < |B β |, ρα,βA∪B ≥ 1− |A α |+|B α |+|Z Aα (Bα)||Bβ | . Therefore, ρ
α,β
A∪B ≥ ρα,βA + ρα,βB − 1− |Z Aα (Bα)||Bβ | .We finally
have ρα,βA∪B ≥ ρα,βA + ρα,βB − 1− L∗, where L∗ = |Z Aα (Bα)|max{|A β |,|B β |} . 
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Theorem 5. A lower bound of the roughness measure ρα,βA∩B of fuzzy sets A, B in U with respect to α, β is given by ρ
α,β
A∩B ≥
1− 1−ρ
α,β
A −ρ
α,β
B +ρ
α,β
A ρ
α,β
B
2−ρα,βA −ρ
α,β
B −I∗(1−ρ
α,β
A )(1−ρ
α,β
B )
, where 0 < β ≤ α ≤ 1 and I∗ = |A β∪Bβ |+|Z Aβ (Bβ )|min{|A α |,|B α |} .
Proof. From Property 3(b), and basic set properties, we have ρα,βA∩B ≥ 1 − min{|A α |,|B α |}|A β |+|Bβ |−|A β∪Bβ |−|Z Aβ (Bβ )| . For |A α| ≤
|B α|, we have that ρα,βA∩B ≥ 1 − 1|Aβ |
|A α |+
|Bβ |
|A α |−
|Aβ∪Bβ |
|A α | −
|ZAβ (Bβ )|
|A α |
. From Definition 7 and |Bβ ||A α | ≥
|Bβ |
|B α | , ρ
α,β
A∩B ≥ 1 −
1
|Aβ |
|A α |+
|Bβ |
|Bα |−
|Aβ∪Bβ |
|A α | −
|ZAβ (Bβ )|
|A α |
= 1 − 1
1
1−ρα,βA
+ 1
1−ρα,βB
−
|Aβ∪Bβ |+|ZAβ (Bβ )|
|A α |
. We define I|A α | =
|A β∪Bβ |+|ZAβ (Bβ )|
|A α | ; thus
ρ
α,β
A∩B ≥ 1 − 1−ρ
α,β
A −ρ
α,β
B +ρ
α,β
A ρ
α,β
B
2−ρα,βA −ρ
α,β
B −I|A α |(1−ρ
α,β
A )(1−ρ
α,β
B )
. Similarly, for |A α| > |B α|, if we define I|B α | =
|A β∪Bβ |+|ZAβ (Bβ )|
|B α | ,
therefore we have ρα,βA∩B ≥ 1 − 1−ρ
α,β
A −ρ
α,β
B +ρ
α,β
A ρ
α,β
B
2−ρα,βA −ρ
α,β
B −I|Bα |(1−ρ
α,β
A )(1−ρ
α,β
B )
. Thus, ρα,βA∩B ≥ 1 − 1−ρ
α,β
A −ρ
α,β
B +ρ
α,β
A ρ
α,β
B
2−ρα,βA −ρ
α,β
B −I∗(1−ρ
α,β
A )(1−ρ
α,β
B )
, where
I∗ = |A β∪Bβ |+|Z Aβ (Bβ )|min{|A α |,|B α |} . 
The lower bounds for ρα,βA∩B differ from the upper bounds on ρ
α,β
A∩B, in that they depend on the roughness measures of the
fuzzy sets A and B and also |A β |, |Bβ |, |A α|, |B α| and |Z Aβ (Bβ)|.
6. Concluding remarks
The roughness measure is an important indicator of uncertainty and accuracy associated with a given fuzzy set. More
importantly, these roughness measures propagate through various set operations. Thus, before completing large volume
operations involving two large fuzzy sets, we should have bounds on the roughness measure of the result, as proven in this
work.
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